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ABSTRACT

In this paper, a tropical atmospheric model of relevance to short—term climate variations (Wang and Li 1993} is util-
ized for study of the development of Madden—Julian oscillation. The model contains an interactive process of
boundary—layer Ekman convergence and precipitation heating. The model is solved by expanding dependent variables in
terms of parabolic cylindrical functions in the meridional direction and truncating three meridional modes n=0, 2, 4 for
equatorial symmetric solutions. The free wave solutions obtained under long—wave approximation are induced as a
Kelvin wave and two Rossby waves. After considering the effect of boundary—layer dynamic process, the modified
-1

Kelvin wave becomes unstable in long~wave bands with a typical growth rate on an order of 107° s™' and an eastward

!: the most unstable mode is wavenumber one. These theoretical results are consistent with the ob-

phase speed of 10 m s~
served Madden—Julian oscillation in equatorial area. For the two modified Rossby waves, one with a smaller meridional
scale (n=4) decays except for extra long—waves. the other with a larger meridional scale (n=2) grows in short-wave
bands. This may be relevant to explaining the westward propagation of super cloud clusters in the Madden—Julian
oscillation. The theory suggests that the boundary—layer dynamic process is an important mechanism in the develop-

ment of the Madden—Julian oscillation.
Key words: Madden—Julian oscillation, intraseasonal oscillation, boundary—layer convergence
1. INTRODUCTION

The 40—50 day (sometimes termed 30—60 day or intraseasonal) osciliation discovered by
Madden and Julian (1971; 1972) is one of the fundamental components of the tropical atmos-
pheric circulation. On the one hand, this oscillation reflects internal dynamics of the tropical
atmosphere; on the other hand, it is likely one of either the phases of ENSO or the trigger mech-
anisms of ENSO development. Therefore, a large number of studies on Madden—Julian
oscillation (MJO, hereafter) were paid attention in the last decade. Based on the analysis of ob-
served data, many essential features of the MJO are revealed. First, the MJO exhibits a global
zonal scale (more than 10 000 km) in tropics, and contains a multi—scale structure composed of
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a few super cloud clusters which have a horizontal scale of 1000 km. Second, the principal circu-
lation of the MJO moves eastward along the equator and amplifies over the warm waters of
equatorial Indian and western Pacific Oceans, whereas the individual cloud clusters can move
unstably westward along the equator. Last, the vertical structure of the MJO is dominated by
the gravest baroclinic mode; the horizontal structure appears to be characterized by a coupled
Kelvin—Rossby wave.

In theoretical studies, many researchers have followed the train of thought of wave—CISK
(conditional instability of the second kind) mechanism and emphasized the interaction between
the equatorial Kelvin wave—induced moisture convergence and the convective heating (Chang
1977; Lau and Peng 1987; Chang and Lim 1988). Although the Kelvin wave—CISK mechanism
can be responsible for the slowly eastward propagation of MJO, it does not explain the
global—scale instability; the most unstable waves are short—waves. If the latent heating is
nonlinear, small—scale disturbances remain most unstable (Wang and Xue 1992), although the
nonlinear heating favors a narrow precipitation region and a global—scale circulation. In this
sense, no matter it is linear or nonlinear, the wave—CISK mechanism can not explain the plan-
etary—scale of the MJO.

Emanuel (1987) proposed an evaporation—wind feedback mechanism for explaining the
MJO. Even in the absence of equatorial Kelvin wave, the east—west asymmetry in evaporational
heating can induce a slowly eastward—moving Walker—type circulation cell in a uniform easterly
basic flow. However, similar to wave—CISK mechanism, the instability still favors the
high—wavenumber disturbances.

Wang (1988) considered that the Ekman pumping—induced moisture convergence and the
wave—induced moisture convergence are not the same in phase, so the heating due to the
boundary—layer moisture convergence gives rise to an instability favorable for planetary scales
(Wang and Chen 1989). This mechanism will be referred to as Ekman convergence—precipita-
tion heating feedback. After considering the Ekman convergence—precipitation heating
feedback, Wang (1993) made a numerical experiment by solving initial-value problem. Initially,
an equatorially trapped easterly Kelvin wave perturbation is centered around the equator with a
zonal scale of 4000 km and a cosine structure. The time integration indicates that as initial
Kelvin wave perturbation continuously moves eastward, a new Kelvin wave perturbation is ex-
cited in front of (or down—stream) the major cell; at the same time, Rossby wave perturbations
with a scale of 1000 km form behind (or up—stream) the major cell and present an
equator—symmetric structure; therefore the full circulation is presented as a coupled
Kelvin—Rossby wave structure. The results are very consistent with the observation of the MJO.

In this paper, we will discuss the eigenvalues and eigenvectors of the model of short—term
climate variations (Wang and Li 1993) in order to better understand the development of the
MIJO in terms of the dispersion and instability of the disturbance.

II. THE MODEL

The present model (Wang and Li 1993) consists of a well-mixed planetary boundary layer
and a free troposphere represented by the gravest baroclinic mode. The precipitation heating is
described by the CISK—type cumulus parameterization. The supply of lower—layer moisture is
provided by the convergence of boundary—layer flows. If the non—uniformity of sea (or land)
surface temperature distribution is not considered, the governing equations for the
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free—troposphere written on an equatorial f—plane with long—wave approximation are
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where C ; E%S Nev4 PZ)ZAP2 is the gravity wave speed for the gravest baroclinic mode;

RbHL

m@] —4q,) is the heating coefficient due to free—troposphere moisture
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convergence; S, =S8 (P / Pz)2 is the static stability parameter in the middle of the free
troposphere; B=(RbL q,)/ (C ,P.S ,AAp) is the heating coefficient due to boundary—layer
moisture convergence, d = (P — P )/ Ap is the depth of the boundary—layer; f= fy is the
equatorial f—plane approximation; ¢ is the geopotential height in the lower free troposphere;
(u, v) and (u,, v,) are the horizontal velocity in the lower free troposphere and

boundary—layer, respectively.
The governing equations for boundary—layer are
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where E =p gK /(P ,—P,) is the Ekman number of the boundary—layer, J is the
switch—on parameter:

1, non — steady boundary — layer

0. steady boundary — layer

The detailed description can be found in Wang and Li (1993).
For convenience, we introduce the following characteristic and nondimensional variables:
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¢=C,p .

“(u,v; uB,vB)=Co(u* ,v’; u;,v; ).

The nondimensional governing equations for the motions in the present coupled free
troposphere—boundary—layer model are derived from Egs. (1)—(5) (the superscript “ * 7 is
omitted hereafter):

Ou  Ov

%(,B“L(I_D(E +@>+d(1—3)(6g; +aavy”>=0, (7




172 ACTA METEOROLOGICA SINICA Vol. 9
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where E=E T, .
From Eqgs. (8) and (9) the divergence of free—troposphere satisfies:
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Slmllar to Eq. (12), from Egs. (10) and (11) the divergence of boundary—layer satisfies:
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Substituting (12) and (13) into Eq. (7), the thermodynamic equation of the free troposphere is
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Eq. (14) is the governing equation (or model) for our study. The high—frequency inertial gravity
waves are filtered out by the long—wave approximation.

If d=0and E=0, Eq. (14) is simplified as

8 20\ 1.:og 1 3o _

In the absence of heating (/=0), Eq. (15) is Matsuno (1966) equation with the long—wave
approximation. Eq. (15) describes the eastward propagating Kelvin wave and the westward
propagating Rossby waves. We will refer to these moist waves as free waves.
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IIT. WEBER FUNCTIONS EXPANSION AND TRUNCATED EQUATIONS

Eq. (14) is solved by expanding dependent variables in terms of the parabolic cylindrical
functions (i.e. Weber functions). ¢ is expanded into the following form:

¢= gfpn(x,t)Dn(V), (16)

where D (y) is the parabolic cylinderical function of order n. Using the properties of Weber

functions and considering the integration:
o _ ayz _ E
J—we dy = [a. an

o« —a 2
One can readily obtain the integration in the form of f y e T dy (m=1,2,+-), and

prove that:
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Substituting (16) into Eq. (14), taking the truncated modes n=0, 2, 4 for equatorial
even—symmetric solutions, Eq. (14) leads to
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where the coefficientsa ., b, ¢, d , e.
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IV. EIGENVALUES AND EIGENVECTORS

The solutions of Eqs. (19)—(21) are given by

(0,:0.:0,) = (0y.,.0,)e" ™. (22)

Substituting (22) into (19)—(21) then yields
AX =6BX, (23)
where X =(d,.d,.d,) , (24)
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a,, +ikb , a, +ikb,
a,, + ikb ., a,, t+ikb, . (26)
a, tikb, a, +ikb, a,+ikb,,
Therefore, the eigenvalues ¢ of Egs. (19)—(21) can be obtained by solving the matrix:
A=0B. 27
After finding out the three eigenvalues and corresponding eigenvectors (¢ ,b,,0,), com-
bining Eqgs. (22), (16) with (8), (9), (10), (11), one can compute the distributions of ¢, u, v and u,

VB.
The standard parameter values used in the model are given in Table 1.

Table 1. Standard Parameter Values

Parameter Standard values Parameter Standard values
1 0.18 B 2.4
d 0.375 E 0.015
C, 30 (ms™")

V. THE DYNAMIC EFFECTS OF A STEADY BOUNDARY-LAYER

1. Free Waves

Figure 1 is the dispersion relation of the free waves without considering the dynamic effect
of the steady boundary—layer. It contains three waves; one is eastward—moving Kelvin wave
denoted by K; the other two are westward—moving Rossby waves, in which one with a larger
meridional scale is signified as R, and the.other with a smaller meridional scale is signified as

R,.
2. The Phase Speed and Growth Rate

As the parameters take the standard values shown in Table 1, with the presence of the dy-
namic process of a steady boundary—layer, the waves (shown in Fig. 2) are named as the
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Fig. 1. The dispersion relation of the model free waves Fig. 2. The phase speed of the steady boundary—layer
under long—wave approximation (/=0.18). moisture  convergence—precipitation  heating

feedback mode.
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Fig. 3. The growth rate of the steady boundary—layer moisture convergence—precipitation heating feedback mode.

modified Kelvin and Rossby waves denoted by K™, R ]' , R; respectively. Figure 2 indicates

that the phase speeds of the modified waves are becoming smaller; furthermore, the modified
Rossby wave with a small meridional scale (R; ) converts into eastward—propagation in extra
long—waves.

Figure 3 indicates that the eastward modified Kelvin wave (K" ) becomes unstable for
long—waves due to the effect of boundary—layer Ekman convergence—precipitation heating. The
most unstable wave appears in k=0.14 (i.e. corresponding to zonal wavenumber one). Com-
bined with Fig. 2, the corresponding eastward phase speed is about 10 m s™' and the‘period is
about 45 days. The e—fold time for the amplification is about 69 days. For the two modified
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Rossby waves, one with a smaller meridional scale (R; ) decays except for extra long—waves;
but the other with a larger meridional sacle (R l ) grows in short—wave bands. It is deduced that

the wave (R ]' ) reflects the unstable westward movement of tropical cloud clusters.

3. The Dependence of Phase Speed and Growth Rate on the Parameters
No matter how the parameters B and E vary, the modified Kelvin wave for k= 0.14 always
propagates eastward (Fig. 4a), and its phase speed increases with increasing B and E. The

modified Rossby wave R; always propagates westward, and the phase speed also increases

with increasing B and E. More interesting, the modified Rossby wave R 2 may propagate from

westward to eastward in reverse order with increasing B, the greatest eastward propagating
speed occurs when the parameters B and F take some intermediate values.
As shown in Fig. 5a, the growth of the eastward modified Kelvin wave can appear in a

broad parameter domain, within which, the modified Rossby wave R; decays. The mode
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Fig. 4. The phase speed as functions of B and E for (é) modified Fig. 5. As in Fig. 4 but for growth rate.
Kelvin wave (K"), (b) modified Rossby wave with a larger
meridional scale (R ; ) and (c) modified Rossby wave with a
smaller meridional scale (R; ). In the computation, k=0.14

and a steady boundary—layer is assumed.
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Fig. 6. The phase speed as functions of k and E for (a) modified Kelvin Fig. 7. As in Fig. 6 but for growth rate.
wave (K7), (b) modified Rossby wave (R l') and (c) modified

Rossby wave (R; ). In the computation, B=2.4 and a steady
boundary—layer is assumed.
R

5

may be unstable if B and E exceed certain critical values. The modified Rossby

wave R: may be unstable when B is small. These results indicate that the model contains both

the unstable eastward—progagating and unstable westward—propagating modes.

When B is fixed and takes the value of 2.4, the dependence of the dispersion relation of the
three modified waves on E and k is shown in Fig. 6. The modified Kelvin wave is always
eastward—propagating; its phase speed increases with increasing E. The modified Rossby wave

Rl* always propagates westward and the phase speed also increases with increasing E. The

modified Rossby wave R; propagates westward when E is small, but it propagates eastward
when E exceeds the certain values. Figure 6¢ also indicates that the stationary wave moves to-
ward short—waves with increasing E.

Similar to Fig. 6, when B is fixed and takes the value of 2.4, the dependence of growth and
decay rates of the three modified waves on E and k is shown in Fig. 7. Only if the parameter E
takes small values and £<(0.6, the modified Kelvin wave is unstable. The most uastable wave
emerges as k takes the value of 0.2 to 0.3. For the modified Rossby wave R : , long—waves decay

and short—waves grow. The growth rate increases with increasing E. This indicates that the role
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of frictional process is not always negative when both damping process and the boundary—layer
convergence are considered in a unified model. For another modified Rossby wave R; , the
wave is unstable when E takes reasonable values, especially for long—waves. It is seen from Fig.
6¢ and Fig. 7c that as E takes appropriate values, the modified Rossby wave R; may grow

and move eastward. However since its phase speed is an order of magnitude smaller than that of

the modified Kelvin wave, the principal circulation is dominated by the modified Kelvin wave.
As the parameter F is fixed and takes the value of 0.015, the dependence of the dispersion

relation of the three modified waves on B and k is shown in Fig. 8. The modified Kelvin wave

always propagates eastward. The modified Rossby wave R 1 always propagates westward. The

modified Rossby wave R 2 , however, is eastward—propagating in extra long—wave bands as B

takes large values. This is consistent with Fig. 2. Corresponding growth and decay rates are
shown in Fig. 9. For the modified Kelvin waves, long—waves are unstable, but when B is large
enough and the wavelength is very long, the modified Kelvin wave may decay. The most

unstable wave occurs as k=0.14 and B=2.4. The modified Rossby wave R : is unstable in part
of short—waves, but it decays in part of long—waves and the critical wavelength of decay de-
creases with increasing B. The modified Rossby wave R; is unstable when B is small; as B

takes large values, only the extra long—waves are unstable.
4. The Structure and Evolution of Physical Fields

The structures of the modified Kelvin wave, modified Rossby waves and the coupled

B B
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Fig. 8. The phase speed as funciions of k and B for (a) modified Kelvin wave (K ), (b) modified Rossby wave (R 1' )and

(c) modified Rossby wave (Rl' ). In the computation, £=0.015 and a steady boundary—layer is assumed.
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Kelvin—Rossby wave are shown in Figs. 10a—10d, respectively.

The longitude—time diagram of the geopotential field summed up by the three eigenvectors
(as k takes the value of 0.14) is shown in Fig. 11. The low—frequency wave slowly moves
eastward along the equator. Its phase speed is consistent with the observed Madden—Julian
oscillation, about 10 ms™', and its amplitude increases with time.

1.0+
0

J

(
1.0 s ]
0.0 02 04 06 08 10k 0 02 04 06 08 10k 0 02 04 06 08 10k

Fig. 9. As in Fig. 8 but for growth rate.

Fig. 10. The geopotential height of the eigenvector corresponding to (a) modified Kelvin wave (K ™), (b) modified Rossby
wave (R ; ), (c¢) modified Rossby wave (R; ) and (d) composite structure of above three modes. The ordinate is

latitude in degree and the abscissa is zonal dimensionless length.
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Fig. 11. Longitude—time diagram of the geopotential in Fig. 12. As in Fig.4 but that the results are obtained for a

the lower free troposphere along the equator. The non—steady boundary—layer.
abscissa is zonal dimensionless length and the

ordinate is time in day.

VI. THE DYNAMIC EFFECT OF A NON-STEADY BOUNDARY-LAYER

Here, we briefly discuss the dynamic effect of a non—steady boundary—layer (i. e. 6=1)
moisture convergence on Madden—Julian oscillation. Comparing with Fig. 4, the modified
Kelvin wave of k=0.14 still moves eastward, but the slowest wave emerges when £=0.2 and
B=1.7 due to the dynamic effect of non—steady boundary—layer (Fig. 12a). The modified

Rossby wave R; still moves westward, but its phase speed is about 50% slower than that

shown in Fig. 4a. Another modified Rossby wave R; is eastward—propagating when B and E

take large values and its phase speed is about 50% greater than that shown in Fig. 4c; as B and
E take small values the wave moves westward.

The corresponing growth (decay) rate is shown in Fig. 13. As k=0.14, the dependence of
growth rate of the modified Kelvin wave on B and F has a remarkable change. The growth rate
has a discontinuity and is very sensitive to the parameters near the discontinuity. At the same
time, the most unstable region occurs when B takes large values and the unstable growth rate is
an order of magnitude larger than that in a steady boundary—layer. The modified Rossby wave

R 2* also has the feature of discontinuity. When B takes large values there exist both large

growth and decay rate. For the same B, the wave is growing when E takes large values, and is
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Fig. 13. As in Fig.12 but for growth rate.

decaying when F takes small values. This is qualitatively consistent with the characteristics of
the Rz' mode in a steady boundary—layer. For the modified Rossby wave R: , its dependence

on the parameters is the same as that in a steady boundary—layer.
VII. CONCLUSIONS

Based on the preceding analyses, the following conclusions are obtained:

(1) After considering the dynamic effect of boundary—layer, the modified Kelvin wave be-
comes unstable in long—wave bands, its typical growth rate with an order of 10 s™ and an
eastward phase speed of about 10 m s™', the most unstable mode is wavenumber—one.

(2) The modified Rossby wave with larger meridional scale is unstable in the short—wave
bands as reasonable parameter values are taken; this is maybe relevant to explaining the west-
ward—propagation of super cloud clusters. The modified Rossby wave with a smaller meridional
scale may move eastward and become unstable in extra long—wave bands.

(3) The physical field represented by the combination of three modified waves exhibits a
strucrure of a coupled Kelvin—Rossby wave. The field (or principal circulation) moves eastward
along the equator.

In summary, after considering the large—scale dynamic effect of the boundary—layer, the
theoretical results can qualitatively reflect principal observed features of Madden—Julian
oscillation. In this model, we did not consider the wave~CISK (i. e. I< 1)} and the
evaporation—wind feedback process. Therefore, this paper suggests a new unstable mechanism
on the development of Madden—Julian osciilation. It deserves further investigations. Certainly,
the truncation (N=0, 2, 4) may affect the results, but comparing with the results of Wang
(1993), the conclutions are qualitatively believable.
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_15 o _ 3 LR 2 2 N E 2 4
aw =206~ B)~ N+ 340~ B) (2 + ' )~ E' 16 + 48 + 1= (3 + 487 +8E")



182 ACTA METEOROLOGICA SINICA

Vol.9

by, = —36dE(1 — B)3+4E")

1 3 2 4 _ 3 2
€ = I)(2+4E + 8E )+d(l B)<2 2E)

dy,=d(l - BYEG+4E’)
e, = dil —B)E<24—l +E2)

a, = 42—5[5d(1 —B)— 11— 8d(1— B)Y30+8E") — 8E I3 + E*) — (1 — )(30 + 56E" — 64E")

02

b, = —43dE(1 — BY3 —2E’)

ey =(1—IN6+8E") +d(1 ~ BY6 —4E")

d_ =41 - BYdEQ3 + 2E”)

ey = —d(l—B)E<12—5 +8E3)

a :g[éd(l—B)—l]+éd(]-B)(6+8E3)—8E21(3+E2)+(1-[)(6+8152)

b, = —83d(l — BYEG3+ E")

20

=(1—DN6+8E")+d(l - B)6—4E")

d., =4Ed(1 — B)3 +2EY)

20

e, =d(l— B)E(% +8E’ )
a,= 322[511(1 — B)—1]— dd(1 — BY(165+ 22E*) — E* (156 + 40E") — (1 — I)(165 + 184E" + 48E")

b, = —&d(1 — BYE(90 + 24E”)

e, =(1—IN39+40E" + 16E*) + d(1 — BY39 — 20E")

d,, = d(1— B)E(78 + 40E")

,=d(l —B)E(f’zi —2253)

a,, = 90[6d(1 — B)— I]— éd(1 ~ BY132 — 24E°) — 48E I ~ (1 — I){(132 ~ 256E")
b, = 245dE(l — B)

¢ =121 — )+ 12d(1 — B)

d_, =24d(1 - B)E

e = —d(1— B)E(42— 24E")

. = 1170[6d(1 — B) — N — éd(1 — B)X1608 + 96E") — E" (672 + 96E") — (1 — (1608 + 1056E” + 256E")
b. = —ddE(1 — B)(48 — 96E")

= (1 —I)(168 + 96E") + d(1 — B)(168 — 48E")

d_ =d(l — B)E(336 + 96E°)

e, = —d(l— B)E(438 + 96E")

a, =90[6d(! — B)— I]+ 6d(1 — BY12+ 24E") — 48E° 7+ 12(1 — 1)

b, = —245d(1 — B)E

e, =121 =D+ 12d(1 — B)

d,, =24dE(1 — B)

[
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e, =d(1 — BYE(102+ 24E")

= 1170[8d(1 — B) — I]— 8d(1 — B)(600 — 96E’) — E*[(672 + 96E") — (1 — I)(600 + 288E")

b, = —dd(l — BYE(384 + 96E")

¢, =(1—I(168+96E") + d(1 — B)(168 — 48E")

d_ =d(1— B)E(336 + 96E")

e, =d(1 — B)E(570 + 96E")

a, = 11610[3d(1 — B) — 1] — d(1 — B)(12132 + 936E") — E /(5904 + 864E°) — (1 — I)(12132 + 7584E" — 312E")
b, = —3dE(l — B)(1944 + 288E")

€ =1~ D476 + 864E" + 192E") + d(1 — B)(1476 — 432E”)

d,, =d(1 — B)E(2952 + 864E")

= —d(1 — B)E(1026 + 936E")

e44
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