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Free Vibration Analysis of a Mindlin Plate-beam
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Abstract:In recent years, short- and medium-length floating-slab tracks have become commonly
used in railway engineering. These tracks are of a model type between a Winkler foundation beam
and a Winkler foundation plate. For this type of wide-beam structure, a more suitable theory is
required that both ensures calculation accuracy, as does the plate theory but also provides a
simple analytical process, such as that of beam equations. In this study, the governing equations
of the Mindlin plate are degraded and the dynamic equations for wide-beam structures are
obtained: this is called the Mindlin plate-beam theory. Although the equations of the Mindlin
plate-beam theory appear similar to the equations of the Timoshenko beam theory, the coefficient
of bending stiffness is different and retains the direct influence of the Poisson’s ratio parameters.
This means that lateral deformation can be considered in the Mindlin plate-beam theory. The
stiffness of the elastic foundation is also considered, and the equations are extended accordingly.
For general analysis, the variables and parameters in this study are normalized and the expres-
sions for both the vertical displacement and flexural rotation angle of a wide beam are obtained.
Based on the boundary conditions, the dynamic characteristic equation for a simply supported
wide beam is finally derived, and the normalized frequencies for the wide beam can be calculated

through certain root searching programs. In this study, different kinds of boundary conditions are
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considered using the same procedure. To illustrate the wide-beam theory described herein, several
numerical examples are used and the natural frequencies of a Mindlin plate-beam on a Winkler
elastic foundation are compared with the results of a Timoshenko elastic foundation beam and a
Mindlin elastic foundation plate. The results demonstrate the accuracy of the present equations.
The effects of the height-to-length Poisson’s ratios and elastic foundation stiffness are considered
and the following conclusions are obtained from the numerical results: (1) For a simply suppor-
ted wide beam, the first three frequencies of the plate-beam model show good agreement with
those based on the Mindlin plate model. The discrepancy of the results from the two beam models
increases with the width of the beam as compared to those of the Mindlin plate. However, the
fundamental frequency of the Mindlin plate-beam theory still remains in good agreement with the
plate theory; (2) the natural frequencies obtained from the Mindlin plate and Mindlin plate-beam
theories will increase with the Poisson’s ratio for a wide beam on an elastic foundation and those
obtained from the Timoshenko beam theory will decrease. This result means that the relative
error of the beam-plate and Mindlin plate will further reduce for a larger Poisson’s ratio; and (3)
the equations derived here are suitable for wide-beam analysis, can incorporate the effect of beam
width, and are especially suitable for a wide foundation beam with a relatively large Poisson’s

ratio. The numerical examples based on this approximation theory are in good agreement with the
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Mindlin plate theory, while the equations and calculation process are much simpler.
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Fig.1 Sketch of the plate-beam model
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Table 2 Comparison of the fundamental frequency
coefficients based on three different theories

with different possion ratios (1 =1/10)

K. it p =01 x=02 p=03 p=04 p=0.5
T-B  3.1186 3.1171 3.1156 3.114 1 3.1126
0 P-B 3.1263 3.1483 3.1880 3.248 8 3.3369
M-P 31325 3.1545 3.1943 3.2551 3.3433
T-B 3.7311 3.7303 3.7294 3.728 6 3.7277
102 P-B 3.7356 3.748 6 3.772 4 3.809 6 3.865 3
M-P  3.7430 3.756 0 3.779 8 3.8170 3.8727
B 1 25 B A5 ROT RS2, 8 % 58 1T = 28 Hhg

TEA TR P B HUE T 1Y 1 B 45058 28 $0 56 b 1) 12 1Y
AN O . A RET o/h=2 H A=1/10 B
- BEARAY [ I A 2 M G e A Y Y A 2
JIE 7 o TEAS ] 1 M BE T i P L i) 36 I Al 22 1 Bk
W RS, UK B0 5 Mindlin AR AR [A) B9 B, (B2
Timoshenko %45 {1t & 35 A0 W 45 48 52 . B BE A A
Lo B B0 A AR /NI B ) R R T RL AR

XTI BRI B R T AR 22 BEE 2 A 3

Hby 5 T TR S5 A8 (4 3l g P R T RS B, U PR R S i
M G2 IR RE 0 7% 1 v 5 78 I8 2800 Y 52
3.901
—“ T-B .
~P-B L
3830 e M-P /-2 P
[S) 3 80} P ‘/,/‘;‘//
e ’,;-'2-’.*;‘/'//
375
. <
370 . . . |
0.1 0.2 0.3 0.4 0.5
u
B2 FEBMART AL R A
(K,=100)
Fig.2 Comparison of the fundameratal frequency

coefficients based on three theories

with different Poisson’s ratios ([ng 100)

PL Mindlin # 24 2 U, 43 90 75 280 [m] b 5 W 2
T AL HIS A Timoshenko Z2FIS 1 1 B B = 5 K
RECHX B2, A&l 3 B , Bl b 5 )R8 A 184 o
BBt Mindlin A AR X 5 22 8 BE , HLAH X 5
/N1 Timoshenko 25 Mindlin # B9 #H X 1% 2= 74
R AELFH 57 b A O 32 1 35 o 22 i/ )

4 HiE

3 Hr i Mindlin A B8 38 A0 5 51 59 A 5 45 i 7



§37 % 3 B0 % Winkler $¥EH AR 0 1 1 HRE) S0 H 659
0.014 ¢ WEFELD]. 11 . 2 ALK, 2004,
0.012 F ——M-P5T-B % it 2 MA Chen-ming. Research on Determination of Dynamic Load
0.010 F = M-P5P-BA X} it 2= Distribution Applied to Kirchhoff Plates and Mindlin Plates
g 0.008 [D].Shanghai: Fudan University, 2004.(in Chinese)
~N (5] Bwlee, BRfbek, st R W RO 2 ik 20 A7 Winkler H
0.006 1 SERAG R [T K 22 A T ML 2000, 381D
0.004 - 1451-1454.,
0.002 LV Chao-feng,CHEN Wei-qiu, BIAN Zu-guang.Free Vibration
0.000 . : . | | . | . ) Analysis of Beams on Winkler Foundation via State-space-
100200 300 400 Sﬁ 600 700 800 900 1000 based Differential Quadrature[ J].Journal of Zhejiang Universi-
K. ty:Engineering Science,2004,38(11):1451-1454.(in Chinese)
B3 RR® 70k 7 1 v 2k ) B AL iR £ [6] WangC M,LanT K Y,He X Q.ExaAct Solutions for TinToshcnko
Beams on Elastic Foundations Using Green’s Functions[ ] ].
Fig.3 Comparison of the fundamental frequency Mechanics of Structure and Machines, 1998, 26(1);101-113.
coefficients based on three theories [7] Akhavan H, Hosseini Hashemi Sh, Rokni Damavandi Taher
with different foundation stiffness H. et al. Exact Solutions for Rectangular Mindlin Plates Under
%%T'f Winkler Hi 2t | E]/‘J lél jfﬁlﬁ:“l‘/i'_ , 1% @J U\Téé‘:l/e In-plane Loads Resting on Pasternak Elastic Foundation.Part
e ﬁimﬁ%,ﬁ:_l: ) ﬁ’f@ %L’ E’:J ':F' ﬁ%?ﬁ‘ [¥] Ij\] ) ;I():O};re;:e;scly 9A6r]1a1ysls[]]. Computational Materials Science,
ﬁz Timoshenko % ’ gi‘l‘iﬂﬂ%i E/:J *ﬁ%lﬁ Mindlin [8] Xiang Y. Vibration of Rectangular Mindlin Plates Resting on
*ﬁ E/‘J EU = lzj/l\ﬂ:éfjjﬁjﬁ Z%Ej][] %% ’ E—Fﬁ%ﬂiﬁ E/‘J i t”] ’ Non-homogenous Elastic Foundations[ ] ].International Journal
B i R R LW & BT, of Mechanical Sciences,2003,45:1229-1244.
(2) BEIAFS L nd 18 hn, w6 Ve b 2L 92 00 B PR 5 Lol Zestwp, 2 Hou, fHARGE A BUBLIE iR 3 = CA 3K 10 1
2 TSRS I 55 Mindlin 3 M 3 42 5 — FELILBRIEAL S 2005, 9:06°95.
ﬁ[ ’ %’[ By 3 |>_(JIJ J;*T‘i j][] Eﬂ‘ﬁ;@ 5 Mindlin )f}j E]’(J *H S(rj‘ i% ZUO Jing-qi,JIANG Qi-bin, FU Dai-zheng, et al.Study of Ce-
: ment Asphalt Motar Included in Elastic Pad Under Slab Track
ZH It — L REAR, [J].Railway Engineering.2005.9:96-98.(in Chinese)
(3) ASCHRRIEN T IERERN B3 (b/h<<d),  [10] KRR . RSP IBE. VR WAL HLIE 45 Hy 3 S04 30 B 5 40 47 (0 ).
AN B K Winkler b3 55 i 22 45 ¥y, H 76 45 3F T4 . [ ORRRE R L 2006, 34(9) :1201-1205.
i&ﬂl? Mindlin )Hi s E‘Jﬂ% E‘%VRT AL ﬁiﬁﬁ.ﬁ GENG Chuan-zhi, LOU Meng-lin. Vibration Model Analysis
Sl of Floating SlE'Ib Track System[]].Journal O_f ’I“Ol’l%]l. Universi-
ty:Natural Science,2006, 34(9):1201-1205.(in Chinese)
[11] Mindlin R D.Influence of Rotatory Inertia and Shear on Flex-
o (References) ural Motions of Isotropic, Elastic Plates[ ] ].Journal of Applied
[1] Timoshenko S P.On the Correction for Shear of the Differenti- Mechanics,1951,18(1) :31-38.
al Equation for Transverse Vibrations of Prismatic Bars[]]. [12] Mindlin R D. Thickness-shear and Flexural Vibrations of
Philosophical Magazine,1921,41(245) :744-746. Crystal Plates[ ]J].Journal of Applied Physics,1951,22(2):
[2] Timoshenko S P.Vibration Problems in Engineering[ M. New 316-323.
York: Wiley, 1974. [13] Calim F F,Akkurt F G.Static and Free Vibration Analysis of

[3] Chakraverty S. Vibration of Plates [ M ]. Boca Raton: CRC
Press,2009.
(4] R Kirchhoff B Al Mindlin AR _F 20 25 43 1ii i 4% () H¥ 1L w)

Straight and Circular Beams on Elastic Foundation[ ] ]. Me-

chanics Research Communications, 2011, 38(2) :89-94.



