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ABSTRACT

There are three basic methods in radiative transfer calculations, i.e., line-by-line (LBL) integration,
correlated k -distribution method, and band model. The LBL integration is the most accurate of all, in
which, there are two quadrature algorithms named in this paper as integration by lines and by sampling
points when calculating atmospheric transmittance in the considered wavenumber region. Because the LBL
integration is the most expensive of all, it is necessary and important to save calculation time but increase
calculation speed when it is put into use in the daily operation in atmospheric remote sensing and atmospheric
sounding. A simplified LBL method is given in this paper on the basis of integration by lines, which increases
computational speed greatly with keeping the same accuracy. Then, we discuss the effects of different cutoff
schemes on atmospheric absorption coefficient, transmittance, and cooling rate under both of accurate and
simplified LBL methods in detail. There are four cutoff schemes described in this paper, i.e., CUTOFFs 1, 2,
3, and 4. It is shown by this numerical study that the way to cut off spectral line-wing has a great effect on
the accuracy and speed of radiative calculations. The relative errors of the calculated absorption coefficients
for CUTOFF 2 are the largest under different pressures, while for CUTOFF 1, they are less than 2% at
most of sampling points and for CUTOFFs 3 or 4, they are almost less than 5% in the calculated spectral
region, however, the calculation time is reduced greatly. We find in this study that the transmittance in
the lower atmosphere is not sensitive to different LBL methods and different cutoff schemes. Whereas for
the higher atmosphere, the differences of transmittance results between CUTOFF 2 and each of other three
cutoff schemes are the biggest of all no matter for the accurate LBL or for the simplified LBL integrations.
By comparison, the best and optimized cutoff scheme is given in this paper finally.
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1. Introduction

LBL (line-by-line) integration is an exact method

to calculate atmospheric transmittance with the con-

tribution of atmospheric absorption with line by line.

At present, with the rapid development of computer

technology, it is not difficult to carry out LBL integra-

tion theoretically using the HITRAN database (Roth-

man et al., 2004), but the problem is calculation time.

When LBL integration is put into use in the opera-

tion in atmospheric remote sensing and atmospheric

sounding, it still is very important to save calculation

cost and increase calculation speed. However, so far,

LBL integration, the most exact method of radiative

transfer, also cannot be directly used in climatic mod-

els even though the most advanced computer in the

world is used (Zhang et al., 2000, 2005; Shen et al.,

2004). Some similar methods based on LBL integra-

tion, such as band model and correlated k -distribution

(CKD, for short) method, have to be used to enable

LBL integration to be indirectly applied in climatic

models (Zhang et al., 2005). Therefore, LBL model is

the basis for the radiation scheme applied in climatic

models and the standard reference for the final result
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comparison. In order to save calculation time, the

most basic and traditional integration method is to

use the grid points with a changeable wavenumber

step. The quadrature scheme proposed by Kunde and

Maguire (1974) is a typical of this method. How-

ever, CKD method requires an integration step with

an equally spaced wavenumber, the above quadrature

scheme cannot be used in the CKD method.

Usually, the factors that have influences on the

accuracy and efficiency of the calculation of absorp-

tion coefficient in LBL integration include the follow-

ing aspects: (1) the selection of integration step and

sampling point; (2) the line-wing cutoff scheme, what

are related to this are the contribution of spectral lines

outside the considered wavenumber region and the ne-

glect of weak lines within the region; and (3) there are

three line types including Lorentz, Doppler, and Voigt

that are suitable for different atmospheric pressures.

Voigt function is commonly used as a popular method

for the whole atmosphere (Clough et al., 1992; Clough

and Iacono, 1995). It will take much more time to cal-

culate Voigt function, which will change into the wing

part of Lorentz Profile in the place far from the line

center. Therefore, Voigt function can be used in a re-

gion near to the line center, whereas in other parts of

the line, the simplified Lorentz function can be used

for the calculation. Generally, a value of 200 fixed as

the dividing point between Voigt and Lorentz func-

tions could satisfy the need for the increase in cal-

culation speed with a defined accuracy (Zhang and

Shi, 2000). The calculation results show that the dif-

ferent line-wing cutoff is the most important one of

the three factors above and the selection of an inte-

grated step is important only to the lower atmosphere

(Zhang, 1999).

Many researchers adopted a fixed wavenumber

cutoff scheme (Clough et al., 1992; Clough and Iacono,

1995; Lacis and Oinas, 1991; Fu and Liou, 1992). Al-

though it is simple to use, the negligible contribution

from weak lines and the line wing part from strong

lines in the higher atmosphere is calculated unneces-

sarily to make the cost increase, whereas in the lower

atmosphere the contribution from strong line-wings

may not be given enough consideration. Zhang and

Shi (2000) put forward a new cutoff scheme on the

basis of spectral line strength, however, they did not

answer which scheme is the best one in the LBL inte-

gration.

In this paper, the integration method by lines is

presented for an integrated step with equally spaced

wavenumber, and a simplified LBL integration has

been given on the basis of this. The effect of different

line-wing cutoffs on the calculation of absorption co-

efficient, atmospheric transmittance and cooling rate

with both of accurate and simplified LBL methods is

emphasized in this work. And then the optimal cutoff

scheme is given according to this study finally.

2. LBL methods

2.1 Accurate LBL method

In recent years, many researchers (Lacis and

Oinas, 1991; Fu and Liou, 1992, etc.) adopted a fixed

value of 5 cm−1 from line center to cutoff line-wing

in LBL integration. To make a comparison with these

works, a fixed 5-cm−1 cutoff is adopted in this work as

one of the cutoff schemes and the strict wavenumber

integration is used according to the following Eq.(1) as

a comparative standard reference for the calculations

in this paper. Of these, Voigt function is applied into

the whole atmosphere (Humlicek, 1982).

To average transmittance written as T (u) over

wavenumber interval ∆v, the strict wavenumber in-

tegration according to the following equation is called

accurate LBL integration,

T (u) =
1

∆v

∫

∆v

exp(−kvu)dv, (1)

where the absorption coefficient of Lorentz line type

kv is

kv =
S

π

αL

(v − v0)2 + α2
L

. (2)

For Doppler line type, kv is

kv =
S

αD

√
π

exp[−(
v − v0

αD

)2]. (3)

Whereas for mixed and widened Voigt line type, kv is

kv = Sf(v − v0) =
k0Y

π

∞
∫

−∞

exp(−t2)

Y 2 + (x − t)2
dt, (4)
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where u is absorber amount; S, αL, αD, and v0

are the spectral line strength, half width of

Lorentz and Doppler functions, and wavenumber of

spectral line center, respectively, and k0 = S/(αD

√
π),

x = (v − v0)/αD, Y = αL/αD.

In the practical calculation of Eq.(1), the tradi-

tional method is used to carry out wavenumber (fre-

quency) integration by sampling points, which is a

method to use sampling points as the first integration

loop and calculate the contribution of all spectral lines

in the considered wavenumber region one by one. We

use this method as the standard reference for the ac-

curate LBL method in this paper. At the same time,

a new integration method is presented in this paper,

namely integration by lines, which is a method to use

a spectral line as the first loop and calculate its con-

tribution to all the sampling points in the considered

wavenumber region simultaneously. Because the inte-

gration method by sampling points requires judging

the range of the contributing spectral lines repeatedly,

more calculation time is spent in the unparallel scalar

calculation for this method, whereas the integration

by lines can increase calculation speed significantly.

It should be noted here that the final accuracy of

different LBL integrations could not be judged because

of lack of complete and accurate laboratory measure-

ments. Therefore, the accuracy comparison between

LBL integrations can only be made among models.

We make this “standard reference” only to compare

it with the traditional LBL method, but this does not

mean that it is the most accurate or has the highest

efficiency.

2.2 Cutoff schemes

Theoretically, the limit of frequency integration is

infinity in the calculation of absorption coefficient kv .

In other words, when kv is calculated, the contribu-

tion of spectral lines at infinity should be considered.

However, because there exist some errors and uncer-

tainties to express the strength of spectral lines and

the behavior of spectral lines far from the line center,

it is actually insignificant to unlimitedly calculate the

contribution from the wing of spectral lines far from

the line center.

There are three approaches to cut the line-wing

off. Firstly, spectral lines are cut off within a fi-

xed wavenumber range, starting from the central

wavenumber v0 of spectral lines. Lacis and Oinas

(1991) and other researchers used this scheme, i.e.,

a fixed 5 cm−1 is taken as the cutoff wavenumber for

each spectral line. This method is quite simple to use,

but to strong absorption lines in the lower atmosphere,

the contribution of line-wing absorption may be under-

estimated, whereas to the weak lines or in the higher

atmosphere, this method may waste calculation time.

Take the range of 665–675 cm−1 of CO2 15 µm for ex-

ample, if the Doppler half-width αD=5×10−4 cm−1 in

the higher atmosphere, it can be obtained by taking it

into Eq.(3) that spectral line absorption is declining in

accordance with exp
{

− [(v − v0)/αD]2
}

. If v − v0 =5

cm−1, the exponent value of the exponential function

will be –108, meaning that absorption coefficient has

become e−100000000 times of that at the line center,

which is certainly unnecessary to consider. Secondly,

the cutoff is made by a fixed multiple of a spectral line

half-width. Shi (1981) and Chou and Arking (1980,

1981) used this scheme. The contribution of line-wing

is cut off at a wavenumber away from the line center

according to the smallest line strength of all the spec-

tral lines and the requirement of accuracy within the

considered spectral range. Supposing that vc is cutoff

wavenumber, and letting

vc = βαL, (5)

where β is an integer. To make up for the errors result-

ing from the cutoff itself partially, the corresponding

line strength can be recorrected as (Zhang and Shi,

2000; Shi, 1998),

S′ = S/[1− 2/(βπ)]. (6)

The contribution of spectral line out of the range

∆v can also be calculated in this way and this scheme

is easy to use, but the contribution from weak line-

wings is also considered excessively so that the calcu-

lation time is wasted, however, the contribution from

strong line-wings may be considered insufficiently by

such a way.

Thirdly, Zhang and Shi (2000) proposed two new

cutoff schemes for the line-wing contribution according



NO.2 ZHANG Hua, SHI Guangyu and LIU Yi 251

to the different strengths of spectral lines in the consid-

ered wavenumber region. In the form of equation, both

two schemes are similar to the second one described

above, but β in Eq.(5) is not constant but changeable

with the change of spectral line strength. In the first

one, supposing that the smallest strength of spectral

line in the range ∆v is Smin, if the strength of the lth

spectral line is Sl, in order to keep the absorption co-

efficient with the same values not to be neglected for

the lth spectral line, then we have

β = βmin

√

Sl/Smin, (7)

where βmin is a prescribed constant, and then the line

strength is also recorrected with Eq.(6). In the second

one, supposing that the biggest strength of spectral

line in the range ∆v is Smax, then, like getting Eq.

(7), we obtain

β = βmax/
√

Smax/Sl, (8)

where βmax is also a prescribed constant, and then the

line strength is recorrected with Eq.(6) again.

2.3 Simplified LBL method

A simplified LBL method is obtained on the basis

of the studies above. Its characteristics are as follows:

it uses Eq.(1) for the wavenumber integration by lines;

it cuts off the line-wings of all the spectral lines by

different multiple of half-width according to spectral

line strength; it uses the dividing point I=200 between

Voigt and Lorentz functions to calculate absorption co-

efficient under all pressures and temperatures accord-

ing to Zhang and Shi (2000); Voigt function is used

to calculate absorption coefficient when i < I , while a

simplified Lorentz function taking the form of Eq.(10)

below is used to calculate absorption coefficient when

i > I . Additionally, when the pressure p <100 hPa,

the integral step δv = αD, while it is taken as δv = αL

when p >100 hPa, and then the cubic spline function

is used to make interpolation to get the absorption co-

efficient at the same number of sampling points.

Supposing that it starts from the line center v =

v0, the integral step on the axis of wavenumber (fre-

quency) is δv , the following method is used to select

sampling points (Zhang, 1999; Shi, 1998),

Mδv = v − v0 = Mα, (9)

Fig.1. The schematic of region dividing for

spectral lines.

where M is an integer and α is expressed as Lorentz

half-width αL or Doppler half-width αD, thus Eq.(2)

is simplified to

kv =
S

παL

(1 + U2)−1, (10)

where U = M, M < I=200.

The schematic of spectral line region of simplified

method is shown in Fig.1. In actual calculation, ∆v

can be divided into seven kinds of sub-ranges accord-

ing to the location of spectral line (the right and left

ends of the range are expressed as A and B); M is the

total number of sampling points. ML stands for the

number of sampling point of each spectral line, and can

be calculated from ML = vc/βv. Here δv = (B−A)/M

is integral step and vc = βLα is the cutoff wavenumber

of spectral line L. As mentioned above, I is the divid-

ing point to calculate absorption coefficient by using

Voigt function and simplified Lorentz function (10);

A′ and B′ stand for the two ends at 5 cm−1 outside of

the range [A, B]. Spectral line L1, L2, L3, L4, L5, L6,

and L7 are located in the sub-ranges of [A′, 1], [1, I ],

[I, ML], [ML, M − ML], [M − ML, M ], [M − I , M ],

and [M, B′], respectively. It is obvious that the seven

different kinds of sub-ranges should be differentiated

in the calculation process. In order to save calculation

time of absorption coefficient by using Voigt function,

we only calculate the right half part of absorption lines

because the value in the left part can be obtained ac-

cording to their symmetry.
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3. Results

3.1 The effect of different cutoff schemes on

absorption coefficient

In this paper, we take the 500–800-cm−1 region

of CO2 15-µm band for example. The simplified

method is used to calculate the effects of the four cutoff

schemes (expressed as CUTOFF) on absorption coeffi-

cient under different pressures. (1) CUTOFF 1: vc=5

cm−1, integration by lines is used in the considered

regions; (2) CUTOFF 2: using Eq.(5), where β=300;

(3) CUTOFF 3: using Eq.(7), where βmin=1; and (4)

CUTOFF 4: using Eq.(8), where βmax=30000.

The results are shown in Fig.2. It indicates the

percentage error of the absorption coefficient between

those calculated by different cutoff schemes above with

the simplified LBL method and by fixed 5 cm−1 cut-

off with the accurate LBL method, in which solid and

dashed lines are the results before and after the rear-

rangement of absorption coefficient, respectively. The

results for the rearrangement of absorption coefficient

are to be used in the correlated k-distribution method

(Shi, 1981; Lacis and Oinas, 1991; Fu and Liou, 1992;

Zhang et al., 2003), thus they are listed here for the

reference. Taking p=10 hPa for example, for CUT-

OFF 1, the largest error is 8% and mainly located at

the right end, and the error is less than 2% at most

of sampling points; for CUTOFF 2, the biggest error

is 26%; for CUTOFFs 3 and 4, the largest error is

8%, and the error is less than 5% at most of sampling

points. The results under other pressures are similar to

those p=10 hPa (figures omitted). In the lower atmo-

sphere, when p >100 hPa, the percentage errors of the

absorption coefficient is not sensitive to different cutoff

schemes and the error distribution is totally the same

(figures omitted). This is attributed to the adoption

of interpolation of absorption coefficient when p >100

hPa. We can conclude by these comparisons that the

errors of the calculated absorption coefficients are the

largest for CUTOFF 2 under different pressures, in-

dicating that the cutoff scheme used by previous re-

searchers is not the optimized one. For CUTOFFs 3

or 4, all the percentge errors of absorption coefficients

calculated at most sampling points are within 5%, es-

pecially those after the rearrangement of absorption

coefficient. The errors become larger only for smaller

absorption coefficient, but the time spent on the calcu-

lation of absorption coefficient with CUTOFFs 3 and

4 decreases significantly.

It is important to validate absorption coefficients

in this study, but the most important is to validate

the results of cooling rates with them, because a larger

percentage error of smaller absorption coefficient does

not necessarily have significant effect on the result of

cooling rate. We will discuss the effects of different

cutoff schemes on transmittance and cooling rate in

the following section.

3.2 The effects of different cutoff schemes on

transmittance and cooling rate

The following eight schemes to get absorption co-

efficient can be used to calculate cooling rate.

Method 1: in the accurate LBL integration, cut-

off schemes are (1) CUTOFF 1, integrations over

wavenumber are made by sampling points; (2) CUT-

OFF 2; (3) CUTOFF 3; and (4) CUTOFF 4. Integra-

tions over wavenumber are made by lines in (2), (3),

and (4).

Method 2: in the simplified LBL integration, the

four cutoff schemes are the same as those of Method

1, but when CUTOFF 1, integrations by lines over

wavenumber should be used.

In Figs.3a, b, the effects of different cutoff schemes

on transmittance are shown by using the accurate and

simplified LBL methods above when p=10 hPa and

T=260 K. Of these, the variability range of the ab-

sorber amount has been chosen to make the corre-

sponding transmittance change from 0.0 to 1.0. It is

shown in Fig.3 that the transmittances calculated by

the two LBL methods and four cutoff schemes have

been overlapped together in the lower atmosphere, in-

dicating that the transmittance in the lower atmo-

sphere is not sensitive to different LBL methods and

cutoff schemes, which is consistent with the result of

absorption coefficient mentioned above. In the higher

atmosphere, no matter Methods 1 or 2 is used, the

transmittance results from CUTOFF 2 are much dif-

ferent from those from other cutoff schemes, which is

also consistent with the result of absorption coefficient.
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Fig.2. The relative errors between absorption coefficients calculated by each of different cutoff schemes
under simplified LBL methods and those by fixed cutoff of 5 cm−1 under accurate LBL methods. The
horizontal axis presents sampling points while the vertical axis is relative errors (unit: %).

It should be noted that the change of absorber amount

in the real atmosphere is not as significant as that

shown in Fig.3.

Taking CO2 665–675-cm−1 region for example,

the comparison of the cooling rate among the four cut-

off schemes by using the two LBL methods is shown

in Table 1. We can find in Table 1 that the accuracy

of CUTOFF 4 is fairly high, all the absolute errors

of cooling rate are less than 0.001 K day−1 at all the

levels of the atmosphere either for accurate or simpli-

fied LBL integration, while the calculation time is the

least. The time can be saved by two orders of magni-

tude when CUTOFF 4 simplified LBL method is used;

then the accuracy of CUTOFF 3 is also fairly high, but

the time spent on the calculation is more than that of

CUTOFF 4. It can be concluded from the above study

that the optimized cutoff scheme is CUTOFF 4 for the

atmospheric cooling rate.

4. Conclusions

In this paper, the effects of line-wing cutoff sche-

mes on absorption coefficient, transmittance, and cool-

ing rate are studied in detail by using both of accurate

and simplified LBL methods. There are totally four

cutoff schemes described in this work, i.e., CUTOFFs
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Fig.3. The change of transmittance of different cutoff schemes with absorber under conditions of p=10 hPa

and T=260 K and by use of (a) the accurate LBL method and (b) the simplified LBL method.

Table 1. The effect of different cutoff schemes on the accuracy and CPU time in cooling rate calculation

Scheme 1 2
CUTOFF 1 2 3 4 1 2 3 4
CPU(s) 6808.0 2457.5 1144.8 949.2 1090.5 110.0 127.6 72.3
Height C ∆C2 ∆C3 ∆C4 ∆C1 ∆C2 ∆C3 ∆C4

(km) (K day−1) (K day−1) (K day−1) (K day−1) (K day−1) (K day−1) (K day−1) (K day−1)
60.83 –1.05958 1E-05 3E-05 0 0.00765 1E-05 5E-05
58.62 –1.28569 0.00877 2E-05 5E-05 0.01263 3E-05 8E-05
56.34 –1.54974 0.01376 3E-05 7E-05 0 0.02001 7E-05 0.00012
54 –1.87365 0.02076 1E-04 1E-04 –1E-05 0.03038 0.00018 0.00018
52.81 –2.06619 0.02522 0.0002 0.0001 –1E-05 0.03699 0.00028 0.00023
50.37 –2.45157 0.03565 0.0004 0.0002 –2E-05 0.05234 0.00068 0.00034
47.9 –2.26956 0.0451 0.0005 0.0002 –1E-05 0.06477 0.00098 0.00046
46.66 –2.02612 0.04893 0.0005 0.0003 –1E-05 0.06895 0.00096 0.00051
44.23 –1.54405 0.05622 0.0004 0.0003 –1E-05 0.07602 0.00083 0.00062
41.84 –1.13488 0.06338 0.0004 0.0004 –2E-05 0.08243 0.00063 0.00072
40.67 –0.97178 0.06703 0.0003 0.0004 -3E-05 0.08584 0.00051 0.00076
38.36 –0.71808 0.07451 0.0002 0.0005 –4E-05 0.09317 0.00031 0.00085
36.1 –0.54527 0.08131 0.0001 0.0006 –6E-05 0.09338 0.00014 0.00085
34.99 –0.4856 0.08432 0.0001 0.0006 –7E-05 0.08609 3E-05 0.00071
32.81 –0.392 0.07633 5E-05 0.0005 –8E-05 0.06802 –1E-04 0.00031
30.67 –0.30959 0.05446 –1E-05 0.0003 –9E-05 0.04797 –0.0001 5E-05
28.57 –0.23268 0.03601 –3E-05 6E-05 –9E-05 0.03139 –0.0002 –0.0001
26.51 –0.16454 0.0161 –3E-05 –4E-05 –8E-05 0.01298 –0.0001 –0.0002
22.49 –0.07753 –0.00986 –2E-05 -8E-05 –2E-05 –0.0105 –5E-05 –0.0001
20.51 –0.04317 –0.01328 –1E-05 –5E-05 2E-05 –0.0131 0 –4E-05
18.56 –0.01703 –0.00997 0 –3E-05 3E-05 –0.0095 2E-05 0
16.62 –0.00595 –0.00493 0 –1E-05 2E-05 –0.0045 2E-05 1E-05
13.65 0.00304 –0.00091 0 0 0 –0.0008 0 0
11.03 –0.00135 –2E-05 0 0 0 –1E-05 0 0
9.98 –0.00118 0 0 0 0 0 0 0
7.08 –0.00046 0 0 0 0 0 0 0
5.17 –0.00023 0.00001 0 0 0 0 0 0
3.1 –0.0001 0.00001 0 0 0 –1E-05 0 0
1.01 –0.00002 0 0 0 0 0 0 0
0.00 –0.00000 0 0 0 0 0 0 0

Here, C represents reference cooling rate with 5 cm−1 cutoff and integration with sampling point loop. ∆ Ci (i=2, 3, 4
and i=1,2,3,4)(unit: K day−1) are differences of cooling rate between each of three cutoff schemes under accurate LBL method
or each of four cutoff schemes under simplified LBL method and accurate LBL method with fixed cutoff of 5 cm−1, respectively.
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1, 2, 3, and 4, respectively. It can be concluded by the

comparison under different pressures that the error of

absorption coefficient is the largest when CUTOFF

2 is used for calculation; when CUTOFF 1, all the

percentage errors of absorption coefficient at most of

sampling points are less than 2%; when CUTOFFs

3 or 4, the percentage error of absorption coefficient

calculated at most sampling points is less than 5%,

especially for the rearrangement case of absorption co-

efficient. Only for the smaller absorption coefficients,

the errors become larger, but the calculation time

spent on the absorption coefficient with the two LBL

methods decreases significantly for CUTOFFs 3 and 4.

The transmittance in the lower atmosphere is not sen-

sitive to the different LBL methods and the different

cutoff schemes. Whereas in the higher atmosphere,

the differences of transmittance results between CUT-

OFF 2 and each of other three cutoff schemes are

significant no matter for the accurate LBL or for the

simplified LBL integrations. It indicates that the cut-

off scheme adopted by previous researchers is not the

best one.

Finally, it can be concluded by the comprehen-

sive analysis on the transmittance and cooling rate

results that the optimized cutoff scheme is the one

based on the biggest spectral line strength proposed

in this work, i.e., CUTOFF 4.
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